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Abstrat
The Casimir eet in ompat hyperboli Universes was numerially obtained
in previous publiations. In this talk, I expose these results.
1 Introdution
The Universe today is very lose to homogeneous. Also, no preferred diretion
has been disovered, so that the most important 3-Manifolds in onnetion with
osmology are S3, H3 and R3. Anyway, it must be mentioned the following
interesting results, that isotropisation an be ahieved by partile prodution
in the primordial Universe [1, 2℄ or by the existene of a lassial osmologial
onstant [3℄. For the moment, let us simply suppose that the Universe really is
homogeneous and isotropi, whih is in good agreement with the observations.
It is well known that R × S3, R × H3 and R × R3 are solutions of Einstein's
equations (EQ). It is irrelevant for the EQ, if the spatial setions have a non
trivial topology modelled on them, or not. From reent determinations of the
WMAP mission there is an indiation for a spherial Universe [4℄, but still not
apable of ruling out the other two ases. The low multipoles of the CMBR, are
the ones more sensible to global properties of the spae. In a very interesting
result, [5℄ showed that the low multipoles of the CMBR are better tted, if the
spatial setions of the Universe are the Poinaré dodeahedral spae, instead of
S3 (see also [6℄).
There are many eets that arise if spae is ompat. The rst astrophysial
limits on the topology of the universe were obtained for a 3-torus T 3. Aor-
dane with the homogeneity of the CMBR puts a lower limit on the size of
the fundamental ell, about 3000 Mp, whih is a ube in the ases of [7℄ and
[8℄. Later on, it was shown that this result is very sensitive to the type of the
ompatiations of the spatial setions. For a universe with spatial setions
T 2×R, the fundamental ell's size is about 1/10 of the horizon, and is ompati-
ble with the homogeneity of the osmi mirowave bakground radiation CMBR
[9℄. In ompat universes, the pair separation histogram would present spikes
for harateristi distanes. At rst it was thought that this tehnique, known
∗
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as the rystallographi method, was able to totally determine the topology of the
universe [10℄. It turned out that the rystallographi method only applied when
the holonomy group ontained at least a Cliord translation, i.e. a translation
whih moves all the points by the same distane [11℄ and [12℄. Generalizations
of the rystallographi method were proposed, for example in [13℄.
Also in ompat universes the light front of the CMBR interats with itself
produing irles in its sky pattern [14℄.
Reent results have alled our attention to the possibility that methods based
on multiple images will prove not to be eient [15℄. The reasoning is that, a-
ording to observations, the urvature is very small, so the fundamental regions
are so big that there has not been time enough for the formation of ghost im-
ages. The result is that for low urvature universes suh as ours, only ompat
universes with the smallest volumes ould be deteted by pattern repetitions.
The knowledge of the spetrum of the Laplaian for ompat spaes have
some motivations. One of them is the deomposition of the CMBR in right set
of modes, if spae is non trivial. It has been studied numerially for ompat
hyperboli spae by [16, 17℄. And more reently [18℄ for ompat spherial spae.
Casimir eet also ours in ompat spaes. In the most simple ases it an
be obtained by analyti ontinuation of the zeta funtion. This proedure is
known as the zeta funtion regularization, see for example [19℄, [20℄. Very elegant
analytial results an be obtained for the Casimir eet in hyperboli spae
[21, 22℄. The method is indiret, as it makes use of the Selberg trae formula
to obtain the zeta funtion, irrespetive of the knowledge of the spetrum. For
a more omprehensive introdution to the Selberg trae formula see [23℄. There
is a reent result for the Casimir energy in shperial spae [24℄.
In this work I shall expose a dierent tehnique whih was previously used
by us [25, 26, 27℄.
The paper is organized as follows. In setion 2, I review the simplest mani-
festation of the Casimir eet of topologial nature, and reprodue some basi
properties of zeta funtions. The stati solution of EQ, the lassial energy
momentum tensor and the method of point splitting is outlined in setion 3.
In setion 4 the Feynman propagator and the Hadamard funtion is obtained.
And in setion 5 the Casimir energy density is numerially obtained in some
Universes. Natural units are used, ~ = G = c = 1, exept in setion 3.
2 Topologial Casimir Eet
It was disovered by Casimir in 1948 [28℄ that two unharged parallel metalli
plates in vauum should be attrated by the fore
f = −~c pi
2
240
S
a4
,
where S is the area of the plates and a is the distane between them. Soon
after, it was veried experimentally [29℄. It is universal sine it does not ontain
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the oupling onstant of the eld. Also, it is a non loal eet, in the sense that
it depends on the boundary onditions.
Casimir eet also ours when the topology of spae is non trivial. In the
following, let us reprodue the result for a massless, unharged salar eld in
the two-dimensional spae R× S1, for more details see [30, 20, 19℄. In this ase
the spetrum of the Klein-Gordon operator reads
ω2n − k2n = 0, kn =
2pi
a
n, n = 0,±1,±2, ...
where a is the volume of the manifold. The total energy is
〈b |H | b〉 =
∑
k
ωk
(
nk +
1
2
)
,
where |b〉 is an arbitrary state of the eld, with nk partiles in mode k. The
vauum expetation value follows from onsidering nk = 0, and the Casimir
energy reads
〈0 |H | 0〉 = 1
2
∑
k
ωk
Ec =
2pi
a
∞∑
n=1
n.
As it stands, the last summation of ourse diverges. Nevertheless, a meaning an
be given to it through the mathematially well known Riemann zeta funtion.
Remind that the Riemann zeta funtion is dened for Re(s) > 1
ζ(s) =
∞∑
n=1
1
ns
.
This funtion an be analytially ontinued giving a nite result [31℄
ζ(−1) = − 1
12
.
The Casimir energy for R × S1, then follows
EC = − pi
6a
.
The tehnique used above is the famous zeta funtion renormalization. Appar-
ently, Zeta funtions where used in the physis literature for the rst time in
[32, 33℄. In the following I shall expose the well known relation between the zeta
funtion and the trae of the heat kernel. Suppose a Laplae type operator A
ating on a ompat 3-spae, with a spetrum λ1, λ2, ...
Aφn = λnφn,
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where φn is some omplete orthonormal set of modes. The Euler innite integral
for the gamma funtion is dened as
Γ(s) =
∫ ∞
0
dxxs−1e−x.
Now onsider the hange of variables x = λnt
Γ(s) = λsn
∫ ∞
0
dtts−1e−tλn ,
whih an be inverted to give ζA(s), the zeta funtion of the 3-manifold
∑
n
1
λsn
=
1
Γ(s)
∫ ∞
0
dtts−1
∑
n
e−tλn
ζA(s) =
1
Γ(s)
∫ ∞
0
dtts−1YA(t).
In this last formula,
YA(t) =
∑
n
e−tλn ,
is the trae of the heat kernel K(t, x, x′),
− ∂
∂t
K(t, x, x′) = AxK(t, x, x
′)
K(t, x, x′) =
∑
n
e−tλnφn(x)φn(x
′)
YA(t) =
∫
VM
d3x
√
gK(t, x, x).
Where the subsript x means that the operator A do not at on the variable x′,
g and VM is the determinant of the metri and the volume of the 3-manifold,
respetively. The parameter t above is not to be onfused with time.
3 Quantum Field Theory in The Stati Universe
R ×H3
The hyperboli spae setions H3, an be realized as a surfae
(x− x′)2 + (y − y′)2 + (z − z′)2 − (w − w′)2 = −a2, (1)
embedded in a Minkowski 4-spae
dl2 = dx2 + dy2 + dz2 − dw2.
As this spae is homogeneous, we expliitly write the origin of oordinates
(x′, y′, z′, w′). It an easily be seen that its isometry group is the proper,
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orthoronous Lorentz group SO↑(1, 3), whih is isomorphi to PSL(2, C) =
SL(2, C)/{±I}. With the onstraint of Eq. (1) on the line element we obtain
dl2 = dx2 + dy2 + dz2
− ((x− x
′) dx+ (y − y′) dy + (z − z′) dz)2
(x− x′)2 + (y − y′)2 + (z − z′)2 + a2 ,
ds2 = −dt2 + dl2 = g(x, x′)µνdxµdxν , (2)
where we interhangeably write
(
x0, x1, x2, x2
) ←→ (t, x, y, z). Both onne-
tions, ∇x and ∇x′ , ompatible with the metri of Eq. (2), an be dened
through
∇µg(x, x′)αβ ≡ 0 , (3)
∇µ′g(x, x′)αβ ≡ 0 . (4)
The expression in Eq. (2) is the popular Robertson-Walker line element, whih
written in the Lobathevsky form reads
ds2 = −dt2 + a2 [dχ2 + sinh2 χ (dθ2 + sin2 θdφ2)] , (5)
with
sinh2 χ =
(x− x′)2 + (y − y′)2 + (z − z′)2
a2
.
As is well known, the EQ for the homogeneous and isotropi spae setions
in Eq. (5), with a = a(t), redue to the Friedmann-Lemaître equations(
a˙
a
)2
− 1
a2
=
8piG
3
ρ+
Λ
3
,
2
(
a¨
a
)
+
(
a˙
a
)2
− 1
a2
= −8piGp+ Λ ,
where the right-hand side omes from the lassial energy-momentum soure for
the geometry, T µν = (ρ + p)uµuν + pgµν , plus the osmologial onstant term
Λgµν .
We assume that the universe was radiation dominated near the Plank era,
hene p = ρ/3, and obtain the following stati solution
a =
√
3
2|Λ| ,
ρ =
Λ
8piG
,
ds2 = −dt2 + a2 [dχ2 + sinh2 χ (dθ2 + sin2 θdφ2)] , (6)
where the osmologial onstant is negative.
We now wish to evaluate the vauum expetation value of the energy density
for the ase of a universe onsisting of a lassial radiation uid, a osmologial
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onstant, and a non-interating quantum salar eld φ. The solution of EQ is
given in Eq. (6), where the quantum bak reation is disregarded. We use the
point splitting method in the universal overing spae R × H3, for whih the
propagator is exat. The point splitting method was onstruted to obtain the
renormalized (nite) expetation values for the quantum mehanial operators.
It is based on the Shwinger formalism [34℄, and was developed in the ontext
of urved spae by DeWitt [35℄. Further details are ontained in the artiles by
Christensen [36℄, [37℄. For a review, see [30℄.
Metri variations in the salar ation
S = −1
2
∫ √−g(φ,ρφ,ρ + ξRφ2 +m2φ2)d4x ,
with onformal oupling ξ = 1/6, give the lassial energy-momentum tensor
Tµν =
2
3
φ,µφ,ν − 1
6
φ,ρφ
,ρgµν − 1
3
φφ;µν
+
1
3
gµνφφ+
1
6
Gµνφ
2 − 1
2
m2gµνφ
2 , (7)
where Gµν is the Einstein tensor. As expeted for massless elds, it an be
veried that the trae of the above tensor is identially zero if m = 0. Variations
with respet to φ result in the urved spae generalization of the Klein-Gordon
equation,
φ− R
6
φ−m2φ = 0 . (8)
The renormalized energy-momentum tensor involves eld produts at the
same spaetime point. Thus the idea is to alulate the averaged produts at
separate points, x and x′, taking the limit x′ → x in the end.
〈0|Tµν (x) |0〉 = lim
x′→x
T (x, x′)µν , (9)
with
T (x, x′)µν
=
[
1
6
(∇µ∇ν′ +∇µ′∇ν)− 1
12
g(x)µν∇ρ∇ρ
′
− 1
12
(∇µ∇ν +∇µ′∇ν′) + 1
48
g(x)µν (+
′) (10)
+
1
12
(
R(x)µν − 1
4
R(x)g(x)µν
)
− 1
8
m2g(x)µν
]
G(1)(x, x′) ,
where the ovariant derivatives are dened in Eqs. (3) and (4), and G(1) is the
Hadamard funtion, whih is the expetation value of the anti-ommutator of
φ(x) and φ(x′) (see below). We stress that the quantity T (x, x′)µν only makes
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sense after the limit in Eq. (9) is taken. The geometri quantities suh as the
metri and the urvature are regarded as lassial entities. g(x)µν = g(x, x
′ =
0)µν is obtained from the line element in Eq. (2).
The ausal Green funtion, or Feynman propagator, is obtained as
G(x, x′) = i〈0|Tφ(x)φ(x′)|0〉 ,
where T is the time-ordering operator. Taking its real and imaginary parts,
G(x, x′) = Gs(x, x
′) +
i
2
G(1)(x, x′) , (11)
we get for the Hadamard funtion
G(1)(x, x′) = 〈0|{φ(x), φ(x′)}|0〉 = 2 ImG(x, x′) .
4 The Feynman Propagator and the Casimir En-
ergy Density in R ×M
Green funtions, as any other funtion dened in the spatially ompat spae-
time R×M, must have the same periodiities of the manifoldM itself. One way
of imposing this periodiity is by determining the spetrum of the Laplaian,
whih an only be done numerially.
Another method imposes the periodiity by brute fore,
fM(x) =
∑
γ∈Γ
f(γx) .
The above expression is named the Poinaré series, and when it onverges, it
denes funtions fM on the manifold M.
We dene the operator
F (x, x′) = F (x)/
√−gδ(x − x′) , (12)
where F (x) = −R/6−m2, and introdue an auxiliary evolution parameter s
and a omplete orthonormal set of states |x〉, suh that
G(x, x′) = 〈x|Gˆ|x′〉 ,
F (x, x′) = 〈x|Fˆ |x′〉 ,
Gˆ = i
∫ ∞
0
e−isFˆ ds . (13)
This last equation implies that Gˆ = (Fˆ − i0)−1, hene the ausal Green funtion
beomes
G(x, x′) = i
∫ ∞
0
ds〈x| exp(−isFˆ )|x′〉 , (14)
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and the matrix element 〈x| exp(−isFˆ )|x′〉 = K(s, x, x′) satises a Shrödinger
type equation,
i
∂
∂s
K(s, x, x′) =
(
− R
6
−m2
)
K(s, x, x′) ,
where in analogy with setion 2, K is named the Shrödinger kernel.
Assuming that K depends only on the total geodesi distane −(t − t′)2 +
a2χ2, with the spatial part a2χ2 derived from Eq. (5), the above equation an
be solved, and we get
K(s, x, x′) =
−iχ
sinhχ
exp{im2s+ i[(t− t′)2 − a2χ2]/4s}
(4pi s)2
. (15)
Substituting this solution for the integrand in Eq. (14), gives for the Feynman
propagator
G(x, x′) = −m
8pi
χ
sinhχ
H
(2)
1
(
m
√
(t− t′)2 − a2χ2
)
√
(t− t′)2 − a2χ2
, (16)
where H
(2)
1 is the Hankel funtion of the seond kind and order one.
The Hadamard funtion an be obtained from Eqs. (16) and (11),
G(1)(x, x′) =
m
2pi2
χ
sinhχ
K1
(
m
√
− (t− t′)2 + a2χ2
)
√
− (t− t′)2 + a2χ2
, (17)
where K1 is the modied Bessel funtion of the seond kind and order one. The
massless limit m = 0 an immediately be heked:
G(1)(x, x′)m=0 =
χ
2pi2 sinh (χ)
{
1
−(t− t′)2 + a2χ2
}
.
Remembering that for a→∞
sinhχ = a−1
√
(x− x′)2 + (y − y′)2 + (z − z′)2 → χ ,
the well known Minkowski result is reovered for the massive and massless ases,
G(1)(x, x′) =
m
2pi2
K1
(
m
√
− (t− t′)2 + r2
)
√
− (t− t′)2 + r2
,
G(1)(x, x′)m=0 =
1
2pi2
{
1
−(t− t′)2 + r2
}
,
where r is the geodesi distane in the spatial eulidean setion.
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Substituting Eq. (17) and the ovariant derivatives (3) and (4) into Eq.
(10), we obtain T (x, x′)µν .
The Klein-Gordon equation remains unhanged under isometries,
£ξ
[(
− R
6
−m2
)
φ
]
=
(
− R
6
−m2
)
£ξφ ,
where £ξ is the Lie derivative with respet to the Killing vetor ξ that gener-
ates the isometry, hene summations in the Green funtions over the disrete
elements of the group Γ is well dened.
InM = H3/Γ, a summation over the innite number of geodesis onneting
x and x′ is obtained by the ation of the elements γ ∈ Γ, whih are the generators
gi and their produts (exept the identity), on x
′
. Sine Γ is isomorphi to
pi1(M) eah geodesi linking x and x′ inM is lifted to a unique geodesi linking
x and γx′ in H3. Thus from Eq. (9) we get
ρC = 〈0 |T (x)µν | 0〉M uµuν
= uµuν lim
x′→x
∑
γ 6=1
T (x, γx′)µν . (18)
The innite summation ours beause the spaetime R×M is stati, so there
has been enough time for the quantum interation of the salar eld with the
geometry to travel any distane. Sine we know the universe is expanding,
the innite summation is not physially valid. The presene of the mass term,
however, naturally introdues a uto.
In Eq. (18) the subsript γ 6= 1 means that the diret path is not to be
taken into aount. It an be shown that this proedure is equivalent to a
renormalization of the omsologial onstant, see for instane [26℄.
5 Casimir Density ρC in a Few Universes
There are some reasons that turn smaller Universes more interesting. We de-
sribe some spatially ompat universes, with inreasing volumes, in subsetions
5.1-5.4.
The values of ρC shown for eah manifold were taken at points (θ, ϕ) on the
surfae of a sphere inside its fundamental region. For all of them the radius of
the sphere is the same, d = aχ = 0.390035...a, where d is the geodesi distane.
Our result is displayed in Figures 2, 4, 6 and 8 for a salar eld with mass
m = 0.4, and a metri sale fator a = 10. Angles θ and ϕ orrespond to the
o-latitude and longitude, so the lines θ = 0 and θ = pi orrespond to the poles
of the hosen sphere. For eah manifold we also write expliitly the radius of
the insribed sphere Rinradius.
The desription that follows applies to all subsetions 5.1-5.4. The gi ma-
tries that generate Γ were obtained with the omputer program SnapPea
[38℄. To yield a numerial result, the innite summation (18) has to be trun-
ated. Reall that this summation ours in the overing spae H3. We halted
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the summation eah time the ation of the generators gi and their produts
on the origin (x1, x2, x3) = (0, 0, 0), reahed a geodesi distane bigger than
d = aχ = 5.29834...a. Care was taken so that no point was summed more than
one. In other words, the summation (18), whih yelds ρC , was trunated when
the interior of the hyperboli sphere of geodesi radius d = aχ = 5.29834...a,
was overed with replias of the fundamental region. We heked that additional
ontributions were unimportant for the evaluation of ρC .
5.1 Weeks Manifold
This manifold was disovered independently byWeeks [39℄ and Matveev-Fomenko
[40℄, and is the manifold with the smallest volume (in units of a3) known,
V = 0.942707...a3. Its fundamental region is an 18-fae polyhedron, shown
in Figure 1. The radius of the insribed sphere is Rinradius = 0.519162...a.
The vauum expetation value of the 00-omponent of the energy-momentum
tensor, ρC = Tµνu
µuν , as seen by a omoving observer, is shown in Figure 2.
Figure 1: Fundamental region for Weeks manifold.
Figure 2: ρC for Weeks universe.
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5.2 Thurston Manifold
It was disovered by the eld medalist William Thurston [41℄. This manifold
possesses a fundamental region of 16 faes, its volume is V = 0.981369...a3
(Figure 3), and Rinradius = 0.535437...a.
Figure 4 shows the value of ρC = Tµνu
µuν = T00, as seen by a omoving
observer.
Figure 3: Fundamental region for Thurston manifold.
Figure 4: ρC for Thurston universe.
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5.3 Best Manifold
This manifold was disovered as a by-produt of a study of nite subgroups of
SO(1, 3) by a geometrial aproah [42℄. Its fundamental region is an iosahedron
with V = 4.686034...a3 and Rinradius = 0.868298...a, shown in Figure 5.
The vauum expetation value of ρC = Tµνu
µuν , as seen by a omoving
observer, is shown in Figure 6.
Figure 5: Fundamental region for Best manifold.
Figure 6: ρC for Best universe.
5.4 Seifert-Weber Manifold
For this manifold, whih was disovered byWeber and Seifert [43℄, V = 11.199065...a3,
Rinradius = 0.996384...a, and the fundamental region is a dodeahedron (Figure
7).
Figure 8 shows the value of ρC = Tµνu
µuν , as seen by a omoving observer.
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Figure 7: Fundamental region for Seifert-Weber manifold.
Figure 8: ρC for Seifert-Weber universe.
6 Conlusions
We expliitly evaluated the distribution of the vauum energy density of a on-
formally oupled massive salar eld, for stati universes with ompat spatial
setions of negative urvature and inreasing volume: Weeks, Thurston, Best,
and Seifert-Weber manifolds. As a spei example, we hose m = 0.4 for
the mass of the salar eld, and a = 10 for the radius of urvature. The val-
ues of the Casimir energy density ρC on a sphere of proper (geodesi) radius
d = 3.90035.. inside the fundamental polyhedron for eah of these manifolds are
shown in Figures 2, 4, 6, and 8. In all these ases it an be seen that there is a
spontaneous generation of low multipolar omponents. As expeted, the eet
13
beomes weaker for inreasing volume universes.
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